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THERMAL DIFFUSIVITY OF INHOMOGENEOUS 

1. TEMPERATURE-FIELD CALCULATION 

G. N. Dul'nev and A. V. Sigalov 

S Y S T E M S  

UDC 536,24.02 

The poss ibi l i ty  of analyzing the nonsteady t e m p e r a t u r e  fields of inhomogeneous s y s t e m s  using 
the quas i -homogeneous -body  model  is invest igated.  

D e f i n i t i o n  o f  Q u a s i - H o m o g e n e o u s  B o d y  

A s y s t e m  consis t ing of homogeneous regions  (components) divided by boundary su r f aces  is usually r e -  
f e r r e d  to as  inhomogeneous or he te rogeneous .  Often, in o rde r  to calculate  the t e m p e r a t u r e  field, this body is 
r ep laced  by a quas i -homogeneous  body with effect ive t h e r m a l  conductivity and diffusivity (k, a) and volume spe-  
cific heat  (cp). It  is then postulated that t h e t e r n p e r a t u r e f i e l d  of this body is desc r ibed  at all  points by the equa- 
ti on 

Ot _ v~t,  (1) 
a O'v 

and in specifying the conditions at the ex te rna l  boundar ies  the effect ive t h e r m a l  conductivity is used. This  is 
de te rmined  e i ther  exper imen ta l ly ,  or by the methods of genera l ized  conduction theory  [1], and is equal to the 
ra t io  of the mean flow <q> through the body and the mean t e m p e r a t u r e  gradient  <Vt> in the body 

2 = - - ( q > / ( V t > .  (2) 

The effect ive  volume speci f ic  heat is de te rmined  f rom the addit ive formula  

k 

cO = ~ c~oim~, (3) 
i = 1  

and the effect ive t h e r m a l  diffusivity is found f r o m  a formula  valid for a homogeneous body 

a = ~Jcp. (4) 

This  approaches  to the ana lys i s  of i n h o m o g e n e o u s - s y s t e m  t e m p e r a t u r e  fields is widely known, but it is 
not poss ib le  to find a suff icient ly genera l  jus t i f icat ion of this method in the l i t e ra tu re .  In the p resen t  work, the 
e r r o r  involved in pass ing to a quas i -homogeneous  body for  the calculat ion of nonsteady t e m p e r a t u r e  fields is in- 
ves t igated,  and the l imits  of appl icabi l i ty  of the model in Eqs.  (I)-(4) a r e  es tabl i shed.  
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Consider ,  f i r s t  of all ,  the accura te  formulat ion of the problem of the t em p e ra tu r e  field of a sys tem of k 
components  with the p rope r t i e s  hi, ai, (co) i (i = 1, ..., k). The t em p e ra tu r e  field of the sys tem is descr ibed  using 
k di f ferent ia l  equations 

1 Oti = v~t~ (5) 
al O~ 

with the following conditions on all  the boundary sur faces  S i of the components 

Ot~ [ Ot~+~ I (6) 
Zi - ' ~ - - l s  i = ~,z+l ~ si , tils~ = t~+~ls, 

and cor responding  conditions on the ex te rna l  boundar ies  of the sys t em and initial conditions. 

The basic  method of invest igat ion is to compare  the accura te  and approximate  solutions and formulate ,  on 
this basis ,  the definition of a quasi -homogeneous  body. In the past,  a quasi-homogeneous body has been taken 
to be a model sa t isfying Eqs.  (1)-(4), but it is n e c e s s a r y  to formulate  an additional condition on the t empera tu re  
field of the quas i -homogeneous  body. Various r equ i r emen t s  may be assumed,  for example,  equality betweenthe 
vo lume-averaged  t e m p e r a t u r e  t V of the quasi -homogeneous  body and t v i  of an inhomogeneous sys tem 

t v (~) = tvi  (% (7) 

or equality between the nonsteady heat fluxes absorbed by a quasi-homogeneous body and a heterogeneous sys-  
t em  

k Oti 

On On 
S i ~ l  S f 

(8) 

or  minimizing the mean- squa re  e r r o r  in de te rmining  the t em p e ra tu r e  field 

oz = 1 . (t - -  ti) 2 dVd'~. (9) 
V (~i - -  ~o) 

"% V 

In the given definitions,  conditions have been imposed on cer ta in  integral  cha rac t e r i s t i c s  of the sys tem;  other 
conditions may a lso  be proposed.  

A n a l y s i s  o f  t h e  S i m p l e s t  S y s t e m  

The general  definit ion of a quasi -homogeneous body will be applied to the s imples t  inhomogeneous sys-  
t em  cons i s t ing  of two plates perpendicular  to a heat flow. The t empera tu re  field of the plates (i = 1, 2) is de- 
scr ibed  by Eq. (5) for  the region xE (0,/1), xE (/1,/),  and in the plane x= ll the condition in Eq. (6) is specified 

I or.. (10) Ot~ = ~ ~ q . 

The t e mpe ra tu r e  field of a quasi -homogeneous body is descr ibed  by Eq. (1). Suppose that the thermal  
conductivity and volume specif ic  heat a re  defined by Eqs .  (2) and (3). Adopting the requ i rement  that Eq. (7)be 
sat isf ied for the quasi -homogeneous body, it will be invest igated whether  Eq. (4) holds for the model descr ibed  
by Eqs.  (1)-(3) and (7). 

The averaging operat ion 

d 

S I [ / 1 = ~  / d x = f v  (11) 
d - - b  

b 

is applied to Eqs.  (1) and (5) on the segments  [0, lt], [l t, 1], and [0, l ] .  Manipulation leads to the re la t ions  

dt lv  at [ or1 Oti ] (12) 
d'~ li [ Ox q Ox o ' 

dt2v a2 [ or2 1 Ot~ I ] (13) 
d'~ l - -  l i L --~x O x t, ' 
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dry a l o t  Ot ] (14) 
t   --d2o " 

Multiplying Eq. (12) by k 1 and Eq. (13) by k 2, and adding them, it is found, when the equality- of the fluxes at the 
boundary surface in Eq. (10) is taken into account,  that 

~lli  d t l v  4 k z ( l - l i )  dl2y  _ _  ~.o Or2 Oti (15) 
a~ d~ ' az d~- " ~ 1 ~  - -  )~1 Ox o" 

Consider the difference Aq in the heat fluxes entering and leaving the inhomogeneous sys tem and the quasi- 
homogeneous body 

Aa I : L~ or2 l - -  )h Oh o 
- Ox ~ " 

The effeetive thermal  conductivity of the given plate sys tem is [1] 

~.-----7 , mi  = l / l .  

(16) 

(17) 

It may be shown that, with this definition of X, equality of the unsteady fluxed absorbed by the he terogene-  
ous sys tem and the quasi-homogeneous body is not ensured,  and a f lux-difference parameter  can be introduced 

y (T) -- Aql - -  hq 
Aqi 

It follows f rom Eq. (7) that 

dhv  dt2y dry __ mi ~- (1 --mi) - -  (18) 
d-c ~ - dT 

Substituting Eq. (18) into Eq. (14), and taking Eqs.  (15) and (16) into account, the following express ion ts 
obtained for the pa ramete r  a 

~,(m~-b K m j  dt2v / dhy  a -  , K = - - ,  (19) 
(1 + 7 ) [mt ( cp ) i + m2K (cp ) j  d'~ / dr 

which differs from Eq. (4) in including the regime parameters K and T. Processing in the opposite direction, 
and requiring that the flux equality Aq = Aqi be satisfied at any moment of time, would lead to the following ex- 
pression for X 

Z~ c)& ] --h at~[  
io , (20) X = dx t~ Ox I 

cg~-x , l - -  ~ x  t I 

i .e. ,  the effective conductivity of the sys t em would become a reg ime parameter ,  but the pa ramete r  ,/would dis- 
appear f rom Eq. (19). 

If  the pa ramete r s  a(7) and X(T) are  determined f rom Eqs. (19) and (20), it is possible to satisfy the two eon- 
ditions of a quasi-homogeneous body: t v  = tv i  and Gq = Aqi. However, when even one of the coefficients X, a, 
and ep beeomes a funetion of the t ime, it is no longer of any praet ieal  interest ,  since the analysis  of the tem- 
perature  field becomes problematic .  Therefore ,  the usual quas i -homogeneous-body definition in Eqs.  (1)-(4) 
will be adopted, and the conditions under which its t empera tu re  field sat isf ies Eqs.  (7)-(9) with a sa t i s fac tory  
degree of approximation will be investigated. 

E r r o r  o f  A p p r o x i m a t e  C a l c u l a t i o n s .  P l a t e s  P e r p e n d i c u l a r  t o  F l o w  

The temperature field of a two-component inhomogeneoss system consisting of N plates normal to the 
direction of heat flow (Fig. I) will new be compared with that of a quasi-homogeneous body with various heat- 
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Fig.  1. S y s t e m  of p la tes  p e r p e n d i c u l a r  to heat  flow. 

Fig.  2. T e m p e r a t u r e  f ield of  q u a s i h o m o g e n e o u s  body and s y s t e m  of 
p la tes  p e r p e n d i c u l a r  to heat  flow for  v = 10 -z ,  fl = 10 -2, Fo = 0.05; i )  
q u a s i - h o m o g e n e o u s  body;  2) N = 8; 3) N = 4. 

t r a n s f e r  condi t ions  at  i ts  ex t e rna l  b o u n d a r i e s .  Fo r  conven ience ,  Eqs .  (1), (5), and (6) a r e  wr i t t en  in d imens ion -  
l e s s  f o r m ,  in t roduc ing  the d i m e n s i o n l e s s  n u m b e r s  

O (x, Fo) t (x, Fo) --- to a~ x = x (21) 
t o - - t o  , F o = - ~ - - ,  l ' 

w h e r e  t o is the ini t ia l  t e m p e r a t u r e  and t e the c h a r a c t e r i s t i c  t e m p e r a t u r e  chosen  in the light of  the c o n d i t i o n s b e -  
ing c o n s i d e r e d .  

The t h e r m a l  conduc t iv i ty  of  the q u a s i - h o m o g e n e o u s  body is d e t e r m i n e d  f r o m  Eq. (17), and the t h e r m a l  
d i f fus iv i ty  f r o m  E q s .  (3) and (4) 

~ '+~ +~ = mi-+- ml+rn~ , v = - - = ,  ~ = -  - . .  (22) 
a l  " ~+i a i  

The quant i t ies  

hOv t v . - -  tv  - - [ ( v ,  6, m l ,  N ,  Fo) (23) 
t c - -  t o 

and 

1 (24) 
o~--= 5 (OH--O)z dx = (p(v, 15, m,, N, Fo) 

o 

a r e  in t roduced  for  quant i ta t ive  d e s c r i p t i o n  of the e r r o r  in d e t e r m i n i n g  the i n h o m o g e n e o u s - s y s t e m  t e m p e r a t u r e  
field f r o m  the q u a s i - h o m o g e n e o u s - b o d y  model .  

The t e m p e r a t u r e  field of  the inhomogeneous  s y s t e m  was  d e t e r m i n e d  by n u m e r i c a l  so lut ion of  Eqs .  (5) and 
(6) by the f i n i t e -d i f f e r ence  method,  us ing  an  impl i c i t  s c h e m e  r e a l i z e d  on an ES-1022  c o m p u t e r ;  the e r r o r  of 
the n u m e r i c a l  ca l cu la t ions  ~O ~ 0 .01-0 .02 [2]. 

The r e s u l t s  ca l cu la t ed  for  the e r r o r  in pas s ing  to  a q u a s i - h o m o g e n e o u s  body with d i f fe ren t  hea t - - t r ans fe r  
condi t ions  a t  the bounda r i e s  a r e  g iven below.  

In  the ease  of  t h e r m a l  i m p a c t  a t  one of  the f aces ,  the boundary  condi t ions  take the f o r m  

O(0, Fo)= I, @(l, Fo)= 0, 0(7, 0)= 0. (25) 

The change in the arguments in studying Eqs. (23) and (24) was within the following limits 

v =  10 - 3 - 1 ,  ~ =  10 - a - 1 0 3  , N = 2 - - 2 4 ,  F o = 0 . 0 2 - - ~ .  (26) 

The c o n c e n t r a t i o n s  of the componen t s  w e r e  taken to be m~ = m 2 = 0.5, s ince  in this  c a s e  the e r r o r  in pas s ing  
a q u a s i - h o m o g e n e o u s  body  is a m a x i m u m .  
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In steady conditions, with the boundary conditions in Eq. (25), the t empera tu re  distr ibution in the com- 
ponent plates takes the form of a discontinuous curve,  and the e r r o r s  A| V and ~• given by the expressions 

(1 - -  v )  [1 - -  v L ( 2 7 )  
(AOv)st-- 2 N ( l + v ) '  (cr• V '3N(I+v)  

The calculations showed that, in nonsteady conditions, ~| var ies  weakly over t ime and, when N---8, 
A| (A| The mean-square  e r r o r  c r s  evaluated f rom the mach ine-empi r ica l  relat ions 

[ l - -v ,  ( 0,055 ) (28) 
~2 = ~/3-N (1-k v) 1-k FoV---~ " 

Thermal  impact  at  the heat- insulated end of the face is descr ibed by the boundary conditions 

O(0, Fo)= I 00(t ,  Fo) (29) 
' 07 - 0 ,  o ( s  0 ) = 0 .  

When F| = 0.02-0.5, the e r r o r  ~| and ~• be evaluated f rom Eqs.  (27) and (28); when F| >0.5, they a re  
less than the steady values in Eq. (27). 

In conditions of thermal  impact  at both faces,  descr ibed by the boundary conditions 

0(0, Fo)=  l, O(1, Fo )=  1, 0 ~ ,  0 ) = 0 ,  (30) 

the e r r o r  s  Fo) in determining the t empera tu re  at the center  of the plate and 5 0  V is pract ica l ly  zero,  
while ~• may be determined as for the conditions in Eq. (29) if half the sys tem is considered.  

The effect of the ra t io  fl when v i = const  on the e r r o r  in determining the t empera tu re  field of the given 
plate sys t em does not exceed the e r r o r  of the numer ica l  solution. The recommendat ions  given for evaluating 
the e r r o r  a re  valid for N -> 4; for N = 2, the quas i -homogeneous-body model is inapplicable. 

The e r r o r  in determining the tempera ture  field with boundary conditions of the third kind for the case of 
identical hea t - t r ans fe r  coefficient c~ at the two faces take the following values for Bi = a u k  = 0.1-10: 

A| V and A| (1/2, Fo) do not exceed the e r r o r  of numer ica l  calculation over the whole range of Fo; 

the e r r o r  of calculating the surface t empera tu res  4| Fo), ~| Fo) r i ses  with increase  in Bi, reach-  
ing ~ |  1/N when Fo-<0.01; when F| -> 0.1, this e r r o r  does not exceed the e r r o r  of the numerica l  calculation; 

or• r i ses  with inc rease  in Bi, but does not exceed the value determined for the boundary conditions in Eq. 
(3O). 

Steady conditions in heterogeneous sys tems  with an internal heat source were studied in [2], where the 
e r r o r  of passing to a quasi-homogeneous body was es t imated by the formula 

60 1 ~ OiI--Oi ll--vl [ k~& , P ( lili-1 = - -  -- T - 7  l + v  , (31) 
i = l  . 

where D i is the overheat ing with respec t  to the t empera tu re  of the medium at the center  of the i-th pair of plates; 
~M, maximum overheat ing in the sys tem;  p, n u m b e r o f  pairs  of plates. 

Calculations of the nonsteady heating of an inhomogeneous sys tem with uniformly distributed local heat 
sources  have shown that the e r r o r  with re fe rence  to the cur ren t  value of the maximum overheating V~M(7") is 
close to 50 as determined f rom Eq. (31). 

As an example, the t empera tu re  field of the inhomogeneous sys tem and the quasi-homogeneeus body with 
the boundary conditions in Eq. (29) is shown in Fig. 2, for v = 10 -2, fl = 10 -2, N = 4, and N =8. 

P l a t e s  P a r a l l e l  t o  H e a t  F l o w  

Consider a sys t em of plates of dimensions I (react| and h (microdimension),  consist ing of two 
components with proper t ies  Xi, (cp) i, and a i (Fig. 3). It is sufficient to pe r fo rm the tempera ture- f ie ld  analysis  
in a sys t em of two half-plates  bounded by the adiabatic planes y = 0 and y = h. 

The the rmal  conductivity X of the sys tem is [1] 
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Fig .  3. S y s t e m  of  p l a t e s  p a r a l l e l  to  hea t  f low. 

F i g .  4. T e m p e r a t u r e  f i e l d s  of  q u a s i - h o m o g e n e o u s  body and  s y s t e m  
of  p l a t e s  p a r a l l e l  to  h e a t  flow in c r o s s  s e c t i o n  ~-= I when v = 10  - 2 ,  

fl= 10 -2,  Fo  = 0.25;  1) q u a s i - h o m o g e n e o u s  body ;  2) ~ = 0 . t ;  3) e = 
0.2;  4) a = 0.5. 

X : ml~.i + m~.~, mi = h/h, (32) 

whi l e  the  v o l u m e  s p e c i f i c  h e a t  and  t h e r m a l  d i f f u s i v i t y  a r e  d e t e r m i n e d  f r o m  Eqs .  (3) and (4), wh ich  l e a d s  to  the  
e x p r e s s i o n  

a /71 t -~- ~m,~ 

at m t +  ~ m~ 

In the  a c c u r a t e  t e m p e r a t u r e - f i e l d  a n a l y s i s ,  the  p r o b l e m  was  s o l v e d  n u m e r i c a l l y  by  the f i n i t e - d i f f e r e n c e  
m e t hod ,  u s i n g  a l o c a l l y  o n e - d i m e n s i o n a l  s c h e m e  [3]. The  e r r o r  of  the  n u m e r i c a l  c a l c u l a t i o n s  was  A| = 0 .02-  

0.03. 

As  a q u a n t i t a t i v e  c h a r a c t e r i s t i c  of  the  d i f f e r e n c e  b e t w e e n  the t e m p e r a t u r e  f i e ld s  of the  i n h o m o g e n e o u s  
s y s t e m  and the q u a s i - h o m o g e n e o u s  body  the m e a n - s q u a r e  e r r o r  all was  c h o s e n  

8 l 

1 ~ (Oi_O)2dxdy~, (e ,  v, ~, rn,, Fo), e=h/I .  (33) ~ T 
0 0 

The  c a l c u l a t i o n s  showed  tha t  the  e r r o r  in Eq .  (33) r e a c h e s  a m a x i m u m  in c o n d i t i o n s  of t h e r m a l  i m p a c t  
wi th  the  fo l lowing  b o u n d a r y  c o n d i t i o n s  

Oi(01 y, F o ) ~  1, 00i = 0  ( i =  1, 2). (34) 
ax T=:~ 

The  e a s e  of  e q u a l  c o n c e n t r a t i o n s  of  the  c o m p o n e n t s  was  c o n s i d e r e d .  

The  e r r o r  g]] d e p e n d s  s i g n i l i e a n t l y  on a l l  the  f a c t o r s -  ~, v, 3, and  Fo .  The  d e p e n d e n c e  on Fo was  not  
s t u d i e d ,  in v iew of  i t s  c o m p l e x i t y ,  and  the  m a x i m u m  va lue  of  c~] in the  r a n g e  Fo = 0 .05-0 .5  was  c o n s i d e r e d .  To 
e s t i m a t e  o]], a m a c h i n e - e m p i r i c a l  d e p e n d e n c e  was  c o n s t r u c t e d  u s i n g  the  c o m p l e t e  t h r e e - f a c t o r i a l  p l an  of the  
e x p e r i m e n t  [4]: when v = 10-3-10  -1,  3 = 10-3-10  -1, and  e = 0 .05-0 .2  

ejj = 0.014(1 + lg~) lgv + e (0,28 + 0,12 lgv + 0.18 lg ~+0.22 lgvlg3) ,  (35) 

and  when v = l0 - 2 - -  10, [~ =- l0 -i  - -  l ,  e = 0.1 - -  0.5 

ell = (0.075 lgv - -  0.13) e lg [~. (36) 

I n v e s t i g a t i o n  of  the  n o n s t e a d y  c o n d i t i o n s  for  hea t  t r a n s f e r  wi th  b o u n d a r y  c ond i t i ons  of the  t h i r d  kind 

OOi ~" BiO/) = O, 0% + ~.--~-' /I;-=0 ~ ;=1 = 0, i : 1, 2 (37) 

showed  tha t  the  e r r o r  ~ m a y  be g iven  an  u p p e r  bound u s i n g  E q s .  (35) and (36), e x c e p t  in the  c a s e  3 ~ 1, v << 1, 
s i n c e  u n d e r  the  c o n d i t i o n s  in Eq.  (34) g]]~0 w h e n / 3 ~ 1 ,  and  for  Eq.  (37) o71 ~ 0 when fl= 1 i f  3~ 1 cX 2. 
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In Fig. 4, the t e m p e r a t u r e  f ields of the inhomogeneous s y s t e m  and the quasihomogeneous body a re  com-  
pared  in the case  of the boundary conditions in Eq. (34) when v = 10 -2, /3 = 10 -2, e = 0.5, 0.2, 0.1 (the t e m p e r a t u r e  
dis t r ibut ion in the c r o s s  section-x--= 1 is shown). 

Thus,  the t e m p e r a t u r e  field of the [nhomogeneous s y s t e m  may  be approx ima te ly  calculated f rom the quasi -  
homogeneous-body  model  in Eqs .  (1)-(4); in this case ,  Eqs .  (7)-(9) a r e  sa t i s f ied  with a ce r t a in  degree  of ap-  
proximat ion .  For  the s i m p l e s t  inhomogeneous s y s t e m s ,  e s t i m a t e s  of the e r r o r  in pass ing to a quas i -homogene-  
ous body have been obtained. For  more  complex  s y s t e m s  (e.g., a s t ruc tu re  with mutual ly in te rpenet ra t ing  com-  
ponents [1]), the following e s t i m a t e  m a y  be p roposed  

~max{o•  ~,}. (38) 

NOTATION 

t, tl, ti, temperature of quasi-homogeneous body [nhomogeneous system, and i-th component of system; 
a, k, cp, thermal diffusivity and conducNvity and volume specific heat of quasi-homogeneous body; ai, Xi, c~i, 
the same quantities for the i-th component; q, heat flux; S, V, system surface and volume; x, y, coordinates; 
l, macrodimension of system; | dimensionless temperature; Fo = a~'fl 2, Bi = ~I/X, Fourier and Biot numbers; 
v= X2/Th; P = a2/al; N, number of plates; g = hfl, ratio of micro- and maerodimensions; f~| ~, volume- 
averaged and mean-square error of dimensionless-temperature determination; % time; mi, i-th component 
concentra t ion .  
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D E T E R M I N A T I O N  O F  P A R A M E T E R S  O F  A R T I F I C I A L  

C O N S T R U C T I O N A L  C O N G L O M E R A T E S  U S I N G  

C R I T E R I A L  E Q U A T I O N S  

V.  N.  E v s t i f e e v  a n d  L .  S. E v s t i f e e v a  UDC 539.21 

Genera l ized  s i m i l a r i t y  c r i t e r i a  and c r i t e r i a l  equations a r e  proposed for de te rmin ing  the phys-  
i comechan ica l  and the rmotechn ica l  p a r a m e t e r s  of a r t i f i c ia l  cons t ruc t ional  cong lomera tes  and 
the i r  m ix tu re s .  

The definition of a r t i f i c ia l  cons t ruc t ional  cong lomera t e s  (ACC), nomencla ture ,  and theore t ica l  and exper i -  
menta l  invest igat ions  of the i r  p r o p e r t i e s  a r e  given in [1]. 

At p resen t ,  cons iderab le  exper ience  has been accumula ted  in de te rmin ing  the change in ACC p a r a m e t e r s  
on the bas i s  of expe r imen ta l  invest igat ions .  These  p a r a m e t e r s ,  as  a ru le ,  a r e  e x p r e s s e d  by empi r i ca l  depen- 
dences .  The r e su l t  of this e m p i r i c a l  approach ,  however ,  is that s o m e t i m e s  there  is a large number  of formu-  
las for de te rmin ing  the s ame  ACC p a r a m e t e r s .  

In the p re sen t  work,  an approach  to the de te rmina t ion  of ACC p a r a m e t e r s  is outlined involving the use of 
c r i t e r i a l  equations which include both individual c r i t e r i a  and genera l ized  s i m i l a r i t y  c r i t e r i a  obtained as a r e -  
sult  of s i m i l a r i t y  theory  and d imens ional  ana lys i s  of physical  quanti t ies  cha rac t e r i z ing  the A CC p rope r t i e s .  
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